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Abstract 
Fatigue is a phenomenon that appears in items subjected to cyclic loads. Thus,
rupture and partial oxidation are initiated from the beginning of the process. For
this, the study of such a problem of material in fracture mechanics is based on the 
numerical analysis of the characteristics of a crack. In this article, we propose a
modelling of crack propagation by a new method of stretching the mesh by 2D
finite element in mixed mode, based on the creation of the elements through a 
program in the computer language Fortran. The parametric mesh with 4 nodes 
(CPE4) was created to make the simulation and to characterise the stress intensity
factors, by the Abaqus computer code. For this, the validation of stretching finite 
element method (SFEM) results is done by other methods: extended finite 
element method (XFEM) and analytical method to simulate the crack propagation.
The stress intensity factor (SIF) is an essential parameter of this study. Two
possibilities for determining the SIF have been retained: one by the numerical 
method of our choice and the other by the analytical method. Parameters to
characterise the stress state at the crack front KI and KII were evaluated in two 
stages one by the crack length and the other by the a/c ratio. 

 
1. Introduction 

Fracture mechanics is a domain very broad, very 
big and very complex, particularly in the problems of 
crack propagation. The last is a complex numerical 
problem since it requires the following of the 
geometry of the crack during the time. It rests on the 
principles of fracture mechanics, specifically by 
calculating the SIF in various modes. Many analytical 
formulas exist to determine the SIF [1]. However, 
these expressions are often developed for simple 
cases of geometry and solicitations, Tada et al. [2]. 
As soon as the geometry or the solicitation becomes 
more complex, it becomes necessary to use the 
principle of functions of weight superposition. 

Several authors have developed numerical 
methods for modelling the propagation of cracks; 
one can also cite the work of Chan et al. [3]. Linear 

fracture mechanics remains today the most used in 
practice. Among always the most recent 
references to the finite element method (FEM), 
Mueller and Maugin [4] studied the case of crack 
propagation in 2D. The representation of the 
singular field around the crack tip can be improved 
by the use of the so-called singular elements of 
Barsoum [5]. Various numerical methods from 
continuum mechanics were adapted to study the 
behaviour of materials up to rupture, for example, 
the finite element method (FEM), the extended 
finite element method (XFEM), etc. 

At first, we are interested in problems of the 
fracture mechanics treated by the method of 
classical finite elements, then by XFEM introduced 
in Belytschko and Black [6] and Moës et al. [7]. The 
study of cracking by FEM began in the sixties. On 
the other hand, the advantage of these enriched 
finite elements is that the SIF can be calculated 
directly from the results. Another method based 
on the classic FEM is called the extended finite 
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element method (XFEM) or the generalized finite 
element method (GFEM). This method is an 
extension of the FEM and has been applied to the 
problems of fracture mechanics since 1999. Crack 
propagation in this method is simulated, replacing 
the new elements crossed by a crack with a special 
element presented in the 2D method, Moës et al. 
[7]. The latter is based on the concept of the 
partition of unity method (PUM) proposed by 
Babuška and Melenk [8]. 

In recent years several works have been 
published. Meor Ahmad et al. [9] studied a 
numerical strategy for the predictive modelling of 
creep in tensile tests of a rectangular plate 
containing a crack using the XFEM. Bentahar et al. 
[10] used the 2D XFEM first mode I, to model crack 
propagation and energy evaluation at the crack tip. 
On the other hand, this method has been used by 
Chen et al. [11] for numerical prediction and to 
accurately simulate fatigue life and cyclic overload 
effect of crack propagation by the Abaqus software 
of Python code. Regarding crack growth, Lee et al. 
[12] developed a new advanced method (AI-FEM) 
by the simulation program, to calculate the exact 
stress intensity factor regarding arbitrary 
structures. Malekan et al. [13] presented a new 
freely distributed 2D plug-in to simulate fatigue 
crack growth by FE Abaqus code. On the other 
hand, Alshoaibi and Fageehi [14] have numerically 
simulated by the Ansys calculation code for the 
calculation of the stress intensity factor of a 
material with linear elastic properties, and the 
predictive pavement cracking. Alkaissi [15] used the 
Abaqus software FEM to analyse crack propagation. 
In our work, we propose a new method called finite 
elements classic SFEM (stretching finite element 
method) based on the creation of 2D elements and 
calculated in the Abaqus code. 
 
2. Fracture mechanics 
 
2.1 Crack propagation 

The law of 2D crack propagation was proposed 
by Paris and Erdogan [16]. Equation (1) explains 
the relationship between the variation of SIF and 
the propagation speed. 

 md = C (Δ )
d

a K
N

, (1) 

where a is the crack length, N is the number of 
loading cycles, C and m are the material 
parameters and ΔK is the variation of the stress 
intensity factor. 

2.2 Two-dimensional criterion by Richard 

This criterion was empirically developed by 
Richard [17,18]. The comparative stress intensity 
factor KV is defined by: 

 I 2 2
V IcI II

1= + + 5.366 =
2 2
KK K K K . (2) 

Under monotonic uniaxial loading, crack growth 
occurs when the stress intensity factor KI near the 
crack tip reaches its critical value KIc. Then, the 
following criterion can be written: 

 I Ic=K K . (3) 

Factor KV depends on the stress intensity 
factors KI and KII. Note that unstable crack growth 
occurs if KV exceeds fracture toughness KIc. This 
criterion has an excellent approximation to the 
yield stress surface of the maximum tangential 
stress criterion of Erdogan and Sih [19]. The twist 
angle of the crack θ can be determined by: 
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First of all, the stress intensity factor KII > 0, 
the angle θ < 0 and KI > 0. There are other criteria, 
which are based on the rate of energy restitution 
like the Nuismer criterion [20] or Amestoy 
criterion [21]. 
 
2.3 Different cracking modes 

The presence of defects may be in the form of 
internal cracks or surface cracks. Fracture 
mechanics analysis correlates parameters from 
loading, geometry, and material. Then, it predicts 
the conditions under which a crack can propagate 
and possibly lead to the complete failure of the 
structure. 

In the continuous medium, cracking is an 
irreversible separation phenomenon. Three main 
modes of cracking can be distinguished (Fig. 1). 

• aperture mode (mode I), 
• shear mode (mode II) and 
• anti-plane shear mode (mode III). 

 
Figure 1. Illustration of fracture cracking modes [22] 
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2.4 Illustration of the stress distribution at the 
crack tip 

Figure 2 illustrates the stress field near the point 
of a crack with the polar coordinates (r, θ) in the 
vicinity of the crack tip. The general equation of the 
stress field in 2D near the crack tip, defined by the 
K stress intensity factor is given by Tada et al. [2]: 

  I, II I, II
, ( , ) = ( )

2π
iji j

K
σ r f

r
θ θ , (5) 

where K I, II is SIF in modes I and II and  is the 
stress field associated with mode I. 

 
Figure 2. Stress field in the crack front vicinity in our 

model [23] 

Factor KI is the one that contributes the most 
to the propagation of fatigue cracks; these tend 
to spread following the direction perpendicular to 
the maximum tangential stress in its end, Erdogan 
and Sih [19]. 
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2.5 Analytical calculation of stress intensity factor 

The analytical stress intensity factor KI for this 
problem is given by Ewalds and Wanhill [1] as: 

 I = Y πK σ a , (7) 

where Y is the correction factor given by 

 
2

– 0.23Y = 1.12  +10.6 –a a
c c

   
   
   

  

 
3 4

21.7 + 30.4–  a a
c c

   
   
   

. (8) 

The non-trivial solution of θ is given by 

 I IIsin + (3cos – 1) = 0K Kθ θ . (9) 
 
3. Numerical model (mesh) 

In the present question, we consider the plate to 
be rectangular, with dimensions (B × C); length and 
width, respectively. The mesh was generated by the 
Fortran program. The plate was of ASTM A36 steel 
with a modulus of elasticity E = 200 GPa and 
Poisson's ratio ν = 0.26. The finite element Abaqus 
code was used to calculate the various SIF and crack 
propagation angles. A uniform tensile stress σ = 200 
MPa was applied to both surfaces (Fig. 3). 

 
Figure 3. Specimen with crack 

Figure 4 shows the two compared models. 
Figure 4a presents the model of the SFEM and 
Figure 4b illustrates the model of the XFEM, for the 
different crack propagations. Thus, this figure 
presents the crack path, by the angle of inclination 
(α) concerning the two methods. 

 
Figure 4. Comparison: (a) SFEM model for 5 crack 

propagations and (b) XFEM model 
 
4. Results and discussion 

Figure 5 explains the comparison of the stress 
intensity factors in mixed mode, of parametric 
mesh crack propagation between the three 
methods: XFEM, SFEM and the analytical method 
proposed by [1]. According to the ratio (a/c), the 

(a) (b)
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latter takes the values 0.5, 0.6, 0.7 and 0.8. It can 
be seen that the results obtained are very 
proportional and acceptable. 

 
Figure 5. Comparison of SIF between three methods 

(SFEM, XFEM and the analytical solution) as a 
function of a/c 

Figure 6 presents the relationship between the 
stress intensity factors and the crack length (a) 
throughout the length of the crack propagation of 
the parametric mesh. Thus, the variation between 
the different methods we studied in our work for 
them to have the proportionality of the results. KI 
present a remarkable evolution between each 
crack propagation and each inclination angle α. On 
the other hand, we can see that KI is always 
positive and KII is negative. 

 
Figure 6. Comparison of SIF between three methods 
(SFEM, XFEM and the analytical solution) depending 

on the crack length (a) 

Figure 7 illustrates the relationship between the 
angle of inclination α and the stress intensity 
factors in mixed mode, for XFEM and the analytical 
method proposed by [1]. In this comparison, it 
could be noticed that most of the α values are < 0. 
It is observed that the variation of stress intensity 

factors with the angle of inclination is very small, 
except when the angle α is between − 0.719° and 
− 0.7127°. 

 
Figure 7. Evolution of KI and KII according to the 
inclination angle (α) for XFEM and the reference 

method proposed by [1] 
 
5. Conclusion 

The SFEM was used to model the problem of 
the initial crack of length a = 3.5 mm. On the other 
hand, the Abaqus software was used to determine 
the angle of inclination at each crack propagation, 
and in addition, the stress intensity factors under 
the mixed mode with the SFEM and XFEM, which 
are numerical methods. In order to obtain a better 
approximation of the field near the crack tip, 
special quarter-point finite elements are used.  

Numerical calculations by the finite element 
method of stretching of the mesh (SFEM) show 
that this model can correctly describe the stress 
field and deformation near the crack tip. The 
results obtained between the three methods are 
very proportional. CPE4 elements were used to do 
the modelling by Abaqus. 

The stress intensity factor (SIF) is an essential 
parameter of this study. Two possibilities for 
determining the SIF have been retained: one by 
the numerical method of our choice (SFEM) and 
the other by the analytical method. 
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