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Abstract 
Various mechanical parts come into high-load rolling and sliding contact at the 
contact surface. Even with technological advancements, mechanical failures still
occur. Rolling-sliding mechanical contact issues are the primary cause of over 90 % 
of surface and subsurface metallic failures and they are only becoming worse.
Using discretised continuum 2D finite element methods (FEM), this research
investigates the parametric contact effect of a steel twin disc system subjected to
rolling-sliding contact at varied surface friction and comprehensive load condition.
The equivalent von Mises stress distribution, contact pressure distribution and
shift position of maximum subsurface stress on the contour region are all 
influenced by changes in compressive load and coefficient of friction, according to
a numerical surface-to-surface contact simulation performed with Abaqus at mean
Hertzian pressure. The maximal equivalent stress, for a given load, reaches a peak 
in the subsurface and moves farther away from the surface when the coefficient of
friction decreases and comes close to the contact surface when the coefficient of
friction increases. Consistency is shown by the analytical and numerical results. 

 
1. Introduction 

Solid mechanics and tribology are fundamental 
disciplines of engineering that are indispensable for 
the manufacturing of safe and energy-saving 
designs. They are used in the majority of technical 
applications, such as electrical contacts, machining, 
cold forming, gearboxes, brakes, tires, bush and 
ball bearings, combustion engines, hinges, gaskets, 
castings and wheel-rail contacts. Their complex 
nature has prompted research into these and other 
applications [1-3]. Mechanical components 
undergo rolling-sliding contact subjected to high 
contact loads at the surface. Approximately 90 % of 
all metallic fatigue damage failures have been 
recorded due to mechanical causes. Many surface 
and subsurface rolling contact fatigue (RCF) failures 
are estimated to comprise in the United States and 
European rail systems exceeds many millions of 

dollars annually [4,5]. Comprehensive studies on 
the wheel-rail interface (approximated with 
cylindrical contact) have been conducted in the last 
decades, flourishing the horizon of different 
contact mechanics, wear and a phenomenon 
known as rolling-sliding contact fatigue which cause 
various engineered structures that come into 
contact with metallic surfaces to fail. 

A two-dimensional numerical simulation of 
contact between a rigid flat surface and an elastic 
cylinder on the subsurface stress field of Hertzian 
contact under pure sliding conditions for different 
speeds and coefficients of friction is studied [6] 
and the 2D equivalent contact model together 
with Hertzian contact theory determines the 
influence of different parameters on the stress 
distribution of contact area [7]. The Hertz theory, 
the American Gear Manufacturers Association 
(AGMA) standard and the finite element method 
(FEM) have all been used to evaluate and validate 
the contact stress of spur gears with and without 
friction. The results show good agreement with 
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minimum deviation [8,9]. In order to calculate 
stress caused by frictional heating on two-
dimensional cylindrical plate rolling contact, 
theoretical and computational analysis of the 
mechanical and thermal wheel-rail frictional 
interaction was conducted using the finite 
element code Abaqus [10,11]. 

The influence of different parameters has been 
numerically studied with the model of cylindrical 
contact under rolling-sliding fatigue behaviour 
[12]. Hertz stress calculator software and finite 
element analysis address the stress issue at the 
contact surface showing that the finite element 
analysis (FEA) results are acceptable within 10 % 
error due to the approximation made as two half 
cylinders [13,14]. A finite element method has 
been developed and validated with an approach 
based on the Hertz theory for the determination of 
contact variables [15]. Two contact models based 
on the half-space assumption are compared and 
calculated using four different methods for 
modelling the wheel-rail rolling contact, and the 
results agree well with the finite element method 
(FEM) results [16]. Another paper tackles the 
phenomenon of unstable movement at the 
adhesive contact zone and shows consistency of 
the results using analytical, numerical and 
experimental analysis of adhesive contacts 
subjected to tangential motion [17]. Modelling of 
metal-to-metal sliding contact wear is still ongoing 
research using Abaqus to extract contact pressure 
at the contact surface [18]. 

Numerical methods are the most common 
techniques that can be used for different 
materials to determine contact parametric effects. 
This research work aims to determine the effect of 
compressive load and friction on contact stress 
and contact pressure by developing a two-
dimensional Hertzian contact with a finite element 
method for a steel twin disk system under rolling-
sliding contact. 
 
2. Materials property and studied geometry 

The material properties for the steel twin disc 
system (counter-face disc that is used to apply a 
compressive contact load and slave disk that is 
subjected to a contact load) are obtained for the 
analyses of Hertzian contact pressures and stress. 
The research was made using the dimensions and 
properties of two contacting materials where the 
geometry and material properties are obtained 
from the literature [19,20] as reported in Table 1. 

Table 1. Material property and geometry of twin discs 

Property Disc 1 
(master) 

Disc 2 
(slave) 

Yield strength σy, MPa 856 720 
Modulus of elasticity E, GPa 210 155 
Poisson's ratio ν 0.30 0.27 
Rotational speed n, rpm 360 400 
Contact length L, mm 1 1 
Radius of curvature R, mm 20 20 

 
2.1 Equivalent Hertzian contact modelling 

The contact formulation of computational 
simulation for non-conformal contacting 
mechanical elements makes it advantageous to 
use a substitute model of two contacting cylinders, 
i.e. use of a cylinder on the half-space model. The 
interface of the rotating master (bearing steel) and 
slave disc (sintered steel), which are fixed at their 
centres, is subjected to distributed Hertzian 
pressure due to a normal contact force, that 
affects stress and contact pressure. Then, the 
problem can be reduced from a rolling-sliding 
contact to a quasi-static sliding contact [21-23]. 
The reduced equivalent contact model utilises the 
simplified equivalent Hertzian contact model and 
plain strain condition as described in Figure 1. 

 
Figure 1. Equivalent contact model of twin disc 

rolling-sliding elements 
 
2.2 Theoretical Hertzian stress analysis 

According to the Hertzian theory, contact 
deformation under an external load has a 
relationship with the outlines of the contact 
surfaces and the external load. This means that the 
contact deformation is determined by two factors: 
the geometry of the contact surfaces and the 
external load. In this study, based on the given 
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contact geometry of the master and slave disc, a 
normal force of 475 N was used to simulate the 
maximum contact pressure of approximately 1200 
MPa between the cylindrical disc interface 
according to the Hertzian theory. The tangential 
force between the disc specimens was 
approximately 135 N. According to the Hertzian 
contact theory, the pressure distribution p is 
parabolic in shape in the contact width 2b, and 
pressure becomes maximum pmax at the middle of 
the contact zone. The principal stress distribution 
of a cylindrical elastic contact is given by [24] and 
can be understood clearly by the given equations 
from the 2D Hertzian stress distribution theory. 
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For a line contact between two cylinders, the 
stress distribution at any space directions (x, z) 
based on the variable signs of m and n (arbitrary 
positions) is given by [24] as follows: 
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The equivalent Hertzian mechanical stress is 
given by equation [25]: 
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Maximum shear stress is determined by the 
principal stresses [25]: 

 







max

– < 0.463

–
0.4

=   for  
2=

=   for 3 
2

6

z x
xz

z y
yz

σ σ zτ
bτ

σ σ zτ
b

≥
. (7) 

When the stress components shown in 
Equations (1) to (3) are plotted below the surface 
as a function of maximum contact pressure and 
based on Poisson's ratio of 0.3, the maximum shear 

stress is either τxz or τyz based on the value of z/b at 
which both stresses intersect. For the specific input 
parameters, the maximum shear stress τmax is 
equal to τxz if z/b < 0.463, whereas equals τyz if z/b 
≥ 0.463, and its maximum value is 0.30 pmax [25]. 

The mean Hertzian pressure po applied to the 
cylindrical contact surface is determined using the 
relation given by [19,26], as follows: 

 max= 0.78 op p , (8) 

where the maximum pressure pmax is given by 
Equation (9): 

 max
2=
π
Fp
bL

, (9) 

where L is contact length and F is applied load. 
Contact half-width b is related to the reduced 

modulus of elasticity Ec, equivalent radius of 
curvature Rc and applied load F, and is determined 
using Equation (10). 
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Reduced modulus of elasticity Ec and equivalent 
radius of curvature Rc are evaluated using Equation 
(11) and (12), respectively. 
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3. Numerical simulation procedure 
 
3.1 Numerical model of non-conformal disc contact 

A commercial finite element analysis package 
(Abaqus/Standard) is available to study the contact 
situation with various contact algorithms between 
two surfaces. The master-slave contact interaction 
(disc 1 to disc 2), in which the slave surface follows 
the master surface motion and experiences large 
relative motion, is used to simulate the two-
dimensional surface and subsurface stresses. Finite 
element analysis simulations are performed to 
validate the theoretical models described above. A 
considerable number of attempts have been made 
to develop, model and simulate a twin disc rolling-
sliding contact interface, as shown in Figure 2, 
through a two-dimensional linear elastic, 4-node 
(bilinear), plane strain quadrilateral, reduced 
integration element (CPE4R). 
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Figure 2. Numerical model of disc contact 

Figure 3 shows the computational mesh used in 
the finite element method (FEM), in which only 
part of the cylinder is considered. The mesh size of 
0.02 × 0.02 mm was considered at the contact 
interface and decreased gradually from the contact 
region for all models. The weaknesses of the 
bearing components, such as exceeding the 
allowable stress, undesirable deformation and 
stress distribution, could be calculated and 
optimised using quasi-static Abaqus software. 

 
Figure 3. Mesh formulation at the contact surface 

The disc boundary conditions are specified on 
the reference point associated with its geometry. 
The master disc (disc 1) is constrained from moving 
in the z-direction by the use of displacement 
boundary conditions set to zero. Concentrated 
nodal forces are applied to the displacement 
degrees of freedom, loaded in the z-direction at the 
centre of the master disc. Centre node movements 
in the x- and z-direction are suppressed, while the 
rotations around the y-axis are free. The slave disc is 
fixed at the bottom in all directions to simulate the 
actual movement of the disc as shown in Figure 2. 

 

3.2 Convergence analysis 

The solids bodies involved in the contact 
problem must be discretised into a finite element 
mesh and different solutions can be adopted. The 
mesh size at the contact interface (mesh 
refinement) should be fine with dense mesh to 
capture the relaxed stress state near the contact 
between the master and slave disc surface. Mesh 
convergence was performed to find a mesh size that 
produces correct results. Modelling with mesh 
refinement was continued until an appropriate 
convergence of the stress state was achieved 
without using too many elements, which would 
increase calculation time and computational power. 

Different solutions can be adopted while 
meshing a master-slave disc for equivalent stress. 
According to the mesh convergence study results 
shown in Table 2, an acceptable element size in 
the refined contact zone was determined to be at 
least less than 0.02 mm. 
 
4. Results and discussion 

Shear and normal forces are typically transmitted 
across the interface of surfaces that are in contact. 
The stresses at the bodies' interface are typically 
used to describe this relationship between the 
contacting bodies. The equivalent mechanical von 
Mises stress and contact pressure on the contact 
surface bodies can be predicted using an analytical 
solution based on the Hertz contact stress theory. 
Finite element analysis software package Abacus 
has used finite elements to analyse the effects of 
friction and applied compressive load on von Mises 
stress, pressure distribution and contour region. 
 
4.1 Effect of comprehensive contact load 

The contact surface between the discs is used to 
simulate the equivalent mechanical von Mises stress 
along the depth with various compressive contact 
forces. Figure 4 illustrates this in general, i.e. at the 
contact surface, the equivalent mechanical von Mises 
stress and contact width increase with increasing 
load and vice versa along the contact width. 

Table 2. Mesh convergence analysis 

Mesh iteration 
number 

Local mesh 
element size, mm 

Number of 
elements 

Numerical equivalent 
stress, MPa 

Hertzian equivalent 
stress, MPa 

Processing 
time, s 

1 1 1362 240.65 690 337 
2 0.5 4573 356.43 690 1247.2 
3 0.1 10,073 672.60 690 2715.7 
4 0.05 21,894 683.62 690 5420 
5 0.02 57,652 688.87 690 19,680 
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Figure 4. The effect of load on equivalent von Mises 

mechanical stress 

The contact pressure and the contact width at 
different contact forces are simulated. Maximum 
pressure and contact width increase with contact 
load, as represented in Figure 5. The contact half-
width b and maximum pressure pmax at 475 N are 
0.5 mm and 1210 MPa, respectively. 

 
Figure 5. The effect of load on contact pressure along 

the normalised width (x/b) of contact 
 
4.2 Effect of contact surface friction 

Friction generally modifies the Hertzian stress 
distribution, which is amenable to numerical 
analysis. The position of maximum stress under the 
contact surface depends on friction as Figure 6 
illustrates. When the coefficient of friction µ 
decreases, the equivalent von Mises stress 
decreases and reaches a peak far from the surface 
at the depth z, as shown in Figure 6. Conversely, 
when the coefficient of friction increases, the 
maximum equivalent von Mises stress increases and 
reaches its maximum at the contact surface (z = 0). 

The equivalent mechanical maximum von Mises 
stress occurs at the contact surface when the 
coefficient of friction reaches a maximum of 0.3, 

and as friction decreases to zero, the maximum 
stress occurs somewhere far from the contact (in 
the subsurface), specifically at the depth of 157 μm 
(z = 0.63b), as illustrated in Figure 7. 

 
Figure 6. The impact of the coefficient of friction along 
normalised depth (z/b) on mechanical von Mises stress 

 

 
Figure 7. Maximum and minimum contour region 
(profile) of Hertzian equivalent stress at F= 475 N 

and: (a) µ = 0.3 and (b) µ = 0 

At the maximum coefficient of friction, the 
contact pressure at the end of the contact (the 

(a)

(b)
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outlet) is comparatively greater than the smallest 
contact pressure at the starting point of the contact 
(the inlet), and vice versa at the lowest coefficient 
of friction. This demonstrates how increasing the 
coefficient of friction causes the contact pressure 
to increase at the end of the contact and decrease 
at the beginning of the contact. The simulation 
result also verifies that the coefficient of friction 
has no significant effect on the contact pressure 
except, of course, a little influence at the start and 
end of the contact, as shown in Figure 8. 

 
Figure 8. The effect of friction on contact pressure 

along the normalised width of contact 

The developed contact model of two elastic 
bodies was verified through a comparison of the 
analytical solutions and numerical results, 
demonstrating consistency with less than 1 % 
error, as shown in Table 3. The stress value 
obtained from the finite element method (FEM) is 
less than that of the Hertz contact stress. Overall, 
the results show a strong correlation with one 
another and little variation. Table 3 illustrates how 
the number, type and distribution of meshing 
elements, as well as the mesh refining procedure, 
affect the difference between theory and finite 
element analysis (FEA). Acceptable accuracy, 
however, demands a respectable computation 
time, load applied step and contact constraints. 

Table 3. Comparison of analytical and numerical 
results at F = 475 N and µ = 0 

 von Mises 
stress σeq. 

Mean contact 
pressure po 

Numerical result, MPa 687.5 941.64 
Analytical result, MPa 690 950 
Error, % 0.34 0.88 

 
4.3 The effect of contour deviation on the 

distribution of the subsurface stress profile 

Significant changes are observed for the 
distribution of subsurface stress in contact 

elements and in deviation of the contact contour 
region profile, as depicted in Figure 7. The region 
of maximum stress appears to be shifted in the 
direction of sliding for coefficients of friction 
greater than 0.15, as illustrated in Figure 9. The 
shift increases as the coefficient of friction 
increases, so the shift of the contour contact 
region is minimal when the coefficient of friction is 
the lowest, showing that the stress distribution 
between the contact elements is perfectly 
symmetrical around the contact region area. 

 
Figure 9. Contour deviation of Hertzian equivalent 

stress at F = 475 N and various values of µ 
 
5. Conclusion 

Due to the influence of contact forces and 
coefficient of friction, the 2D linear behaviour of 
surface-to-surface rolling-sliding, non-conformal 
elastic body contact formulation based on Hertzian 
elliptical contact theory is examined for the 
maximum stress distribution at every position of 
the x-z plane. Additionally, the analytical approach 
is used for this, while the finite element method 
(Abacus) is used for the related numerical analysis. 

The von Mises stress and contact width are 
influenced by load, i.e. when load increases, the 
stress and contact width also increase. Friction has 
an impact on the Hertzian depth stress 
distribution, i.e. when friction decreases, stress 
decreases and extends below the surface and vice 
versa. Friction generally has little effect at the inlet 
and outlet of contact, but it does have some effect 
on the position and profile (contour region) of 
stress. The analytical result provides confidence in 
estimating the mechanical contact behaviour and 
exhibits a very good correlation with the static 
numerical simulation result under various 
conditions. 
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